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Abstract— A full-wave technique to rigorously extract the
resistance and the inductance of 3-D interconnects is proposed.
A novel and full 3-D differential surface admittance operator
and a boundary integral equation approach are combined in a
circuit interpretation which provides a simple way to evaluate the
characteristics of the interconnects. The method is accurate for
various examples over a broad frequency range, thus conforming
its appositeness for the modeling of 3-D interconnects.
Index Terms— 3-D surface admittance, boundary integral
equation (BIE), interconnect modeling.
I. INTRODUCTION
THE increasing complexity and clock frequency of modernelectronic circuits brings about a myriad of challenges for
the operation of these systems. These issues become even more
relevant in the fabrication of 3-D ICs. Examples of important
concerns include mechanical instabilities, inhomogeneous heat
distribution, and signal integrity degradation. Interconnects
are increasingly responsible for detrimental phenomena such
as crosstalk, dispersion, distortion, and signal attenuation.
Therefore, it is of the utmost importance to include adequate
models in design tools.
3-D structures are modeled based on either vol-
ume discretization schemes, such as the finite element
method, or boundary integral equations (BIEs) with a surface
mesh, such as the method of moments (MoM). Focusing on
the latter, a direct solution of the interior problem in high-
conductive media poses enormous challenges in the calcu-
lation of the interaction integrals. These problems can be
circumvented albeit at a great complexity cost [1]. Hence,
most methods formulate an alternative relationship between
the electric field and the surface current density to solve
jointly with the outside MoM problem. A common choice
is the (local) Leontovich boundary condition, which can be
extended to a global relation based on a 2-D BIE in the
cross section [2]. Another approach models each part of the
structure as electrically short segments whose properties are
taken into account via the 2-D differential surface admittance
operator [3]. Afterward, the segments are interconnected and
plugged into the 3-D BIE [4].
In this letter, we propose a novel, full 3-D differential
surface admittance operator. In contrast to [5], this operator
is constructed for cuboids for application to interconnects.
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Fig. 1. (a) Homogeneous, nonmagnetic medium taking up volume V
with boundary S is embedded in a homogeneous, nonmagnetic background
medium V0. (b) Inside of V is replaced by the background medium and a
surface current density js is imposed on the boundary S .
Furthermore, the combination with the electric field integral
equation and a convenient circuit interpretation enables an
efficient study of 3-D effects on the resistance and inductance
of realistic interconnect structures.
II. THEORY
First, we analyze the configuration shown in Fig. 1(a).
A nonmagnetic, homogeneous material defined by its
wavenumber k occupies an arbitrary (lossy) volume V
bounded by the surface S. V is embedded in another
nonmagnetic, homogeneous background medium V0 with its
wavenumber k0. The impinging source fields, (ei , hi ), from
sources inside V0, interact with V resulting in the total field
distribution (e0, h0) on the outside, while the fields (e1, h1)
are induced inside V . The situation depicted in Fig. 1(b)
constitutes the same geometry but the bounded volume V is
now filled with the background material and a surface current
density js is introduced on S. We assume, however, that the
js is chosen such that the fields outside are the same in both
situations while a different field distribution (e, h) is obtained
inside V [5].
To derive the fields for the equivalent problem, we start by
expressing the scattered electric field in terms of the magnetic
vector potential and electric scalar potential (e jωt dependence)
−ei + e0 = − jωa − ∇φ. (1)
In order to transform (1) into a matrix equation, basis and
test functions are required. As we consider cuboid meshes in
this contribution, rooftop functions bi are employed but the
conclusions remain valid for Rao–Wilton–Glisson functions.
We now test (1) with the rooftop functions. The first term
reduces to a vector Vi whose elements are the impinging
electric field weighted with bm . By expanding e0 into basis
functions, the second term turns into GE, where the vector E
collects the expansion coefficients of the electric field and G
is the relevant Gram matrix. The third term is discretized as
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Fig. 2. Equivalent circuit interpretation of (5).
follows:∫
Sm
a · bm d S =
∑
n
Inµ0
∫
Sm
∫
Sn
G(r, r′)bm · bn d S d S′ = LI
(2)
with G(r, r′) being the Green’s function of the background
medium and the vector I containing the expansion coefficients
of js .
For the last term on the right-hand side, we find∫
Sm
∇φ · bm d S =
∮
cm
φun · bm dc−
∫
R+m
φ
A+m
d S +
∫
R−m
φ
A−m
d S
= 0 + V −m − V +m (3)
with V ±m being the average potential on the two support
rectangles of bm , namely, R±m with respective areas A±m . In the
end, (1) has been discretized into
−Vi + G E = − jωL I + V+ − V− (4)
where V± accommodates the average potentials for all rec-
tangles. We now introduce the relationship between js and e0
using the differential surface admittance operator js = Ye0 [5].
Its discretized version GI = Y E is plugged into (4) and gives
−Vi + (G Z G)I = − jωL I + V+ − V− (5)
with Z being the inverse of Y . This equation can be interpreted
as a circuit with a node for every rectangle in the mesh
and a branch for every edge, as shown in Fig. 2. The main
advantage of this approach is the ease of integration with
discrete components such as sources or loads and the ability
to employ conventional circuit solvers.
In order to construct the introduced Y matrix, the magnetic
eigenfunctions of V are required. Whereas in [5], this was done
for cylindrical structures, here these functions are calculated
for cuboids. The transverse electric eigenvectors and their
corresponding wavenumbers for a cuboid with dimensions
{a, b, c} are
hTEmnp = ν[λ sin(λx) cos(µy)ux + µ cos(λx) sin(µy)uy]
· cos(νz) − (λ2 + µ2) cos(λx) cos(µy) sin(νz)uz
(6)
k2mnp =
(mpi
a
)2 + (npi
b
)2 + ( ppi
c
)2 = λ2 + µ2 + ν2. (7)
The transverse magnetic modes (with the same wavenumbers)
are defined as
hTMmnp = kmnp[µ sin(λx) cos (µy)ux − λ cos(λx) sin(µy)uy]
· cos(νz). (8)
Fig. 3. Resistance and inductance of two parallel copper conductors
for various separations s and lengths l as a function of frequency. The
2-D reference solution is obtained through the technique described in [3].
(a) Resistance in m/m (all dimensions are in millimeter). (b) Inductance in
nH/m (all dimensions are in millimeter).
III. EXAMPLES
A. Validation Examples
As a first example, we consider two parallel copper
conductors (σ = 5.6 × 107 S/m), both with a rectangular
cross section of 2 mm × 2 mm, varying length l and
separation distance s as shown in the inset of Fig. 3(a) (all
dimensions are given in millimeter). This configuration is
a 3-D version of the second example of [3, Fig. 9]. The
resistance per meter is shown in Fig. 3(a). The low-frequency
value is the same for all configurations and corresponds
to the DC value obtained by Pouillet’s law. For increasing
frequencies, the resistance for the various separations starts
to fan out due to the proximity effect, which is the strongest
for the smallest spacing. (Results from [3] are not shown
on the figure, since the near-perfect agreement clutters the
graph.) The corresponding inductance per unit of length is
depicted in Fig. 3(b). Here, we observe that both parameters
have a much stronger influence on the results. In particular,
a considerable length is required to evolve toward the pure
2-D results, especially for the low-frequency limit.
The second example is a copper right-angled corner as
shown on the left inset of Fig. 4. The height h and width
a are set to 2 mm while L and D, the lengths of both
arms, are varied. The second inset (on the right) illustrates
the subdivision of the structure: the corner is divided into
three distinct cuboids which are placed next to each other.
The actual connection between two blocks is provided by a
wire between two adjacent rectangles (or equivalently voltage
nodes) on both cuboids. This ensures that the current flows
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Fig. 4. Resistance of a copper, right-angled corner in m for various con-
figurations as a function of frequency. Insets: dimensions of the structure and
the interconnection of the various subparts. The markers on the left indicate
the DC resistance as obtained through a finite difference method (FDM).
uninhibited from one cuboid to the other without changing
the direction or phase. The resistance was computed not only
for the right-angled corner but also for a single straight cuboid
with the combined length of both arms and the corner block,
i.e., L + a + D. In Fig. 4, these results are shown for two
different configurations. For the lower frequencies, we observe
that the corner has a lower resistance than the corresponding
cuboid in both the cases. This DC value has been verified with
a finite difference program solving Laplace’s problem show-
ing perfect agreement (shown with markers on the y-axis).
At the same time, the results for the single straight cuboids
coincide with Pouillet’s value. When the frequency is raised,
the proximity effect causes the resistance of the corners to
start increasing earlier, resulting in a crossover of the curves
and eventually a higher resistance for the corner.
B. Application Example
The final example is a rectangular copper loop. The dimen-
sions (in microns) can be found on the inset of Fig. 5(a). The
configuration is the same as the one shown in [4, Fig. 3].
The total resistance and inductance of this loop is measured
over the 1 µm gap, shown in Fig. 5(a) and (b), and is
compared with two 3-D electromagnetic industry standards,
viz., ANSYS HFSS and CST Microwave Studio (MWS).
In Fig. 5(a), we see that both reference solutions coincide
with our result at low frequencies while the value from [4] is
larger, similar to what we observed for the single corner in
Section III-A. The low-frequency inductance of the proposed
method coincides with the value computed by HFSS and
together they lie within a 3% margin of the result from CST
MWS while the value from [4] differs 9.6% and 6.6% with
both reference solutions, respectively. This shows that limiting
the flow of the current in each cuboid to its longitudinal direc-
tion, as assumed in [4], introduces nonnegligible deviations.
For higher frequencies, both reference solutions’ resistance
and inductance start changing earlier and at a faster rate.
As radiation losses are extremely small and considering the
unphysical kink in the inductance curve of HFSS in Fig. 5(b),
we conclude that faulty meshing of the inside of the good
conductor fails to properly assess the current crowding and
proximity effects in both volume meshing solvers. Meanwhile,
our method and the one described in [4] make use of BIEs
and alleviate this shortcoming. Both methods demonstrate near
Fig. 5. Resistance and inductance of the copper loop shown in the inset as
a function of frequency. The configuration is taken from [4] and this result is
shown alongside with simulation results from ANSYS HFSS and CST MWS.
(a) Resistance in m (all dimensions are in micrometer). (b) Inductance in pH.
identical trends or evolutions for higher frequencies despite
their low-frequency difference. This justifies the advocated
differential surface admittance operator-based BIE method for
the modeling of 3-D interconnects.
IV. CONCLUSION
We have demonstrated the use of a novel and full 3-D differ-
ential surface admittance operator for cuboids in a combination
with a BIE method to characterize interconnects. The circuit
interpretation enabled straightforward and accurate extraction
of the resistance and inductance for various validation and
application examples.
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